
On the development of a computational method for modelling
turbulent mixing in sharply strati®ed ¯ows

A.G. Straatman 1

Department of Mechanical and Materials Engineering, University of Western Ontario, London, Ont., Canada N6A 5B9

Received 11 March 1998; accepted 2 December 1998

Abstract

A method is presented for computationally modelling turbulent mixing across a sharp stable interface. The turbulence is

modelled using a second-moment stress/¯ux closure because of the anisotropy due to strati®cation, and the additional anisotropy

due to the presence of the sharp interface. The numerical method utilizes an adaptive, moving-grid formulation of the governing

transport equations, and solves for the movement of the interface implicitly with the solution of the transport equations. The

implicit prediction of the interfacial movement is based on a special solution of the discrete scalar equation for the upper-most

control-volume, which is assumed to reside partly in the non-active layer above the interface. Results are presented for the case of

mixing due to oscillating-grid turbulence and compared to experimental data. The present predictions demonstrate the viability of

the computational method, and the validity of the second-moment closure in sharply strati®ed ¯ows. Ó 1999 Elsevier Science Inc.

All rights reserved.
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Notation

A area of control-volume face
A� coe�cient in � �A�u3

1o=lo

B1;B2 constants in spatial decay expressions
C coe�cients in modelled turbulence equations
D di�usion term in transport equation
Da initial depth of active layer
Dn;Ds di�usion coe�cients in discrete transport equations
f function in wall-re¯ection models
Dt total depth of active layer
E dimensionless entrainment, ue=u1o

gi gravity vector
G buoyancy production in transport equation
h movement of interface
jb; je beginning and ending indices of grid
k turbulent kinetic energy
l integral length scale of turbulence
LP coe�cient in Lumley di�usion model
_m mass ¯ux through control-volume face

MP mass of control-volume centered at P
n exponent in entrainment law
ni unit normal vector
p0uk pressure±velocity correlation
P production term in transport equation

R scale factor for dissipation of scalar intensity
Rel Reynolds number based on integral length scale
Rek Reynolds number based on Taylor microscale
Ri local Richardson number
S surface area
t time
Tijk component in Lumley di�usion model
uiuj Reynolds-stresses (per q)
uiujuk turbulent transport in Reynolds-stress equation

uk/ scalar-¯uxes (per q)

ui
RMS ¯uctuating velocities (eg. u1 � �u1u1�1=2

)
uio RMS ¯uctuating velocity in non-strati®ed oscillating-

grid turbulence
ue entrainment velocity
Ui velocity
U i mean ¯uid velocity
Ug grid velocity
V volume
xi Cartesian coordinates
xn normal distance from interface

Greek
a weighting factor in advection scheme
b volumetric expansion coe�cient
C/ molecular di�usivity of U
dij Kronecker delta
� dissipation term in transport equation
� isotropic dissipation rate of k
j von Karman coe�cient
k Taylor microscale of turbulence
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1. Introduction

Stable strati®cation and sharp density interfaces exist in
many geophysical, environmental and industrial ¯ows. Some
well-known examples are the abrupt interfaces that exist be-
tween fresh and salinated waters in the ocean, the top of the
atmospheric boundary layer, and heavier-than-air gas ¯ows.
The prediction of such ¯ows is useful for studying the evolu-
tion of various ¯ow systems, but more importantly, for de-
termining the rate of dispersion of heavier-than-air pollutants
into the atmosphere.

Sharply strati®ed ¯ows are characterized by an active layer
in which turbulence is produced or maintained, a sharp in-
terface, and a relatively uniform non-active layer. Because of
the sharp strati®cation, relatively little shear occurs at the in-
terface and thus, turbulence that exists in the active layer is
primarily produced by ground-shear. The turbulence in the
vicinity of the interface is acutely attenuated to the extent that
the interface appears as a barrier between the active and non-
active layers. Entrainment of ¯uid across the interface, and
thus the dispersion of the active layer, is due to ground-pro-
duced turbulence being transported into the interface by dif-
fusive transport. We note that while turbulence can exist in
both the active and non-active layers, the scales are typically
quite di�erent ± consider, for example a heavier-than-air gas
¯ow ± and it is the turbulence in the active layer that drives the
entrainment process.

On the basis of this description, the accuracy of computa-
tional predictions in sharply strati®ed ¯ows is expected to
depend mainly on the treatment of turbulence in the vicinity of
the interface, and on the modelling of di�usive transport. To
properly account for these e�ects, plus the additional e�ects of
strati®cation, a second-moment turbulence closure was incor-
porated in the present work. In a second-moment closure, the
e�ects of strati®cation are accounted for naturally in the for-
mulation, and the issue of di�usion can be addressed through
the selection of an appropriate model. The selection of a model
for the di�usion of the turbulent stresses is based on the model
performance in isothermal ¯ows since di�usion is only weakly
in¯uenced by thermal gradients. An additional model can also
be implemented to account for the extra attenuation of tur-
bulence in the region of the interface. However, to properly
model the attenuation of turbulence at the interface, the po-
sition of the interface must be known. Thus, a principal ele-
ment of this study was the development of a computational
method which predicts the position of the interface.

The method which was developed predicts the movement of
the sharp interface implicitly with the solution of the governing
®eld equations. By tracking the interface in this manner, the
present method addresses the issue of locating the interface,
but also has other advantages. First, it is only necessary to
model the active layer since the non-active layer does not have

an in¯uence on the entrainment process. Second, the present
method circumvents common numerical di�culties associated
with the movement of a sharp interface across a ®xed grid by
allowing the computational grid to move, or adapt, with the
movement of the interface.

The purpose of this paper is to demonstrate that the present
computational method, used in the framework of a second-
moment turbulence closure, gives reasonable predictions of
entrainment through a stably strati®ed interface. Because the
physical e�ects which in¯uence entrainment do not directly
involve the mean ¯ow ®eld, the computational model is de-
scribed and validated herein for a one-dimensional case.
Working in a one-dimensional framework signi®cantly reduces
the details to be presented while retaining the important
physical e�ects which form the basis of the method. Further-
more, the one-dimensional predictions can be directly vali-
dated with data from oscillating-grid experiments.
Experiments using oscillating-grid turbulence have been car-
ried out in the past to examine the entrainment across sharp
density interfaces (Thompson and Turner, 1975; Hop®nger
and Toly, 1976; Fernando and Long, 1985; E and Hop®nger,
1986; Nokes, 1988; De Silva and Fernando, 1994, 1996), the
movement of turbulence fronts (Dickinson and Long,
1978, 1983), and the structure of turbulence in the vicinity of a
sharp density interface (Hannoun et al., 1988).

This paper is presented in three main sections. In Section 2,
the mathematical formulation is presented, including modelled
equations for all independent variables and the method used to
model the attenuation of turbulence in the vicinity of the in-
terface. Section 3 describes the discretization technique and
the method developed for computing the movement of the
interface. Section 4 contains systematic comparisons between
results computed using the present method and data from
oscillating-grid turbulence experiments.

2. Transport equations

The transport equations and turbulence model equations
presented in this section are only those required for the pre-
diction of stably strati®ed oscillating-grid turbulence. As de-
scribed in Section 1, this one-dimensional case isolates the
important e�ects of the entrainment process and thereby al-
lows us to validate the physical basis of the present method in a
much simpler framework. For this one-dimensional case, no
mean ¯ow exists and it is, therefore, not necessary to solve the
conservation equations for mass and momentum.

Where modelling was required in the transport equations, a
near-standard approach has been taken. This approach was
taken mainly to avoid obfuscating the present computational
model with several complicated closure approximations. The
only departures from the standard models are in the modelling
of the di�usion of the Reynolds stresses (for reasons forth-
coming) and in the treatment of the inhibiting e�ect of the
interface on the turbulence.

2.1. Mean scalar transport

Scalar variations are described by the following time-aver-
aged equation for the transport of a general scalar U:

oqU
ot
� �qU k U�;k � �qCUU;k�;k ÿ �quk/�;k ; �1�

where the last term on the right-hand side of Eq. (1) represents
the net in¯uence of turbulence on the scalar transport. This so-
called scalar-¯ux term, in general, represents three additional
unknowns for which a model must be provided. In the present
case, however, only one scalar-¯ux component is non-zero.

n distance from interface
p pressure±strain term in transport equation
q ¯uid density
U general mean scalar
// scalar intensity

Superscripts and subscripts
n,s north and south faces of control-volume
N ; P ; S nodal points
o (super) value at previous time-step
o (sub) indicates value in non-strati®ed oscillating-grid

turbulence
1 level of non-active layer
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2.2. Reynolds-stress transport equation

The Reynolds-stresses are obtained from the following
transport equation:

oquiuj

ot
� �qUk uiuj�;k � q�Dij �Pij � Gij � pij ÿ �ij�: �2�

The terms on the right-hand side of Eq. (2) represent the dif-
fusive transport, the shear production, the buoyancy produc-
tion, the pressure-redistribution, and the dissipation of uiuj. To
obtain a closed mathematical framework, some of these pro-
cesses must be modelled in terms of other dependent variables.
The shear production and buoyancy production do not require
modelling and are given as:

Pij � ÿ�uiuk U j;k � ujuk U i;k�; �3�
Gij � ÿb�gi uj/� gj ui/�: �4�
Standard relations given by, for example, Launder (1989) were
used to model the pressure-redistribution and dissipation
terms. Regarding the pressure-redistribution term, the com-
mon practice is to recast pij as the sum of three components:

pij � pij;1 � pij;2 � pij;3 �5�
which represent respectively the pressure interaction with tur-
bulent motions, the pressure interaction with mean strain and
the pressure interaction with buoyancy. Standard models for
the three components are given as:

pij;1 � ÿC1

�

k
uiuj

�
ÿ 2

3
kdij

�
; �6�

pij;2 � ÿC2 Pij

�
ÿ 1

3
Pkkdij

�
; �7�

pij;3 � ÿC3 Gij

�
ÿ 1

3
Gkkdij

�
; �8�

where k � ukuk=2 is the turbulent kinetic energy and � the
isotropic dissipation rate of k. The dissipation of uiuj is as-
sumed isotropic and is modelled as:

�ij � 2

3
�dij: �9�

Because of the importance of di�usive transport in sharply
strati®ed ¯ows, the di�usion of uiuj was not approximated
using a standard closure model. Typically, di�usion is regarded
as being unimportant in the Reynolds-stress budget, and is
modelled using the Daly and Harlow (1970) relation. While the
Daly and Harlow (1970) model is relatively simple to imple-
ment, it is widely known that the model is not physically nor
mathematically correct. In this study, the Lumley (1978) model
was used with the modi®cation suggested by Straatman et al.
(1998). Straatman et al. (1998) showed that the Lumley (1978)
model is the only existing di�usion model which contains
components that can account for all of the important processes
in Dij. The Lumley (1978) model is most easily described
starting from the exact form of the di�usion process (neglect-
ing viscous di�usion):

Dij � ÿ uiujuk

 
� p0ui

q
dkj � p0uj

q
dki

!
;k

: �10�

The components are then modelled as:

ÿ uiujuk � Cs1

k
�

Tijk

ÿ � Cs2 Ti djk

ÿ �Tj dik �Tk dij

��
;

1

q
p0uk � ÿ 1

5
LP ukumum;

where:

Tijk � uiul �ujuk�;l � ujul �uiuk�;l � ukul �uiuj�;l
and Ti �Timm.

The coe�cients in the model relations for the Reynolds-
stress equation are summarized as:

fCs;Cs2; LP ;C1;C2;C3g � f0:098; 0:128; 0:80; 1:80; 0:60; 0:30g:
�11�

2.3. Scalar-¯ux transport equation

The scalar-¯uxes are obtained from the following transport
equation:

oqui/
ot
� �qU k ui/�;k � q�Di/ �Pi/ � Gi/ � pi/ ÿ �i/�: �12�

The terms on the right-hand side represent the di�usion, the
production due to mean shear and mean scalar gradients, the
buoyancy production, the pressure-interaction, and the dissi-
pation of ui/. As in the Reynolds-stress equation, the pro-
duction terms require no approximation and their exact forms
are given as:

Pi/ � ÿ�uk/ U i;k � uiuk U;k�; �13�
Gi/ � ÿgib//: �14�
The pressure-interaction term is subdivided into three com-
ponents:

pi/ � pi/;1 � pi/;2 � pi/;3; �15�
which are associated respectively with purely turbulent mo-
tions, with mean strain and mean scalar gradients, and with
buoyancy forces. Models for each of these components were
taken from Rodi (1982) and are given as:

pi/;1 � ÿC1/
�

k
ui/; �16�

pi/;2 � C2;/ui/ U i;k ; �17�
pi/;3 � ÿC3/gib //: �18�
The di�usion of ui/ is also modelled using the model described
by Rodi (1982). This model is given as:

Di/ � C/
k
�

ukul �ui/�;l
��

� uiul �uk/�;l
��

;k

: �19�

The dissipation of ui/ is neglected on the basis of the high
turbulent Reynolds number assumption.

The model coe�cients appearing in the scalar-¯ux equation
are summarized as:

fC/;C1/;C2/;C3/g � f0:15; 2:90; 0:40; 0:40g: �20�

2.4. Scalar intensity transport equation

The scalar intensity, //, which appears in the scalar-¯ux
transport equation, is an additional second-moment correla-
tion which must be solved for in a second-moment stress/¯ux
closure. The transport equation for // is given as:

oq//
ot
� �qU k //�;k � q�D// �P// ÿ 2�//�: �21�

The terms in parenthesis on the right-hand side represent the
di�usion, production and dissipation respectively of //.
Models for each process were obtained from Rodi (1982) and
are given as:

D// � qC//
k
�

ukul

��
� C/

�
//;l

�
;k

; �22�
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P// � ÿ2quk/ U;k ; �23�

�// � ÿ q
R
�

k
//: �24�

The model coe�cients for the scalar intensity equation are:

fC//;Rg � f0:10; 0:50g: �25�

2.5. Transport of � equation

The isotropic dissipation rate, �, appears in many of the
model relations used in the Reynolds-stress, scalar-¯ux and
scalar intensity equations. � is obtained from the following
modelled transport equation (Launder, 1989):

oq�
ot
� �qU k ��;k

� qC�

k
�
�ukul�;l�

� �
;k

� 1

2
qC�1

�

k
Pkk � 1

2
qC�3

�

k
Gkk ÿ qC�2

�2

k
;

�26�
where the model coe�cients are given as:

fC�;C�1;C�2;C�3g � f0:14; 1:44; 1:92; 0:80g: �27�

2.6. Additional modelling consideration

It was pointed out in Section 1 that turbulence in the vi-
cinity of the interface is acutely attenuated to the extent that
the interface appears as a barrier between the active and non-
active layers. Thus, an additional modelling consideration in
the Reynolds-stress and scalar-¯ux transport equations for
sharply strati®ed ¯ows is the attenuation of turbulence at-a-
distance in the region near the interface. An experimental study
by Hannoun et al. (1988) found that the attenuation of tur-
bulence and the e�ects of the anisotropy created by a sharp
interface are con®ned to the large turbulence scales and are
similar to the e�ects created by a solid wall. On this basis, we
approximate the inhibiting e�ect of the interface in the present
study by implementing standard wall-re¯ection models in the
uiuj and ui/ equations. These wall-re¯ection models are im-
plemented as extensions to Eqs. (5) and (15), respectively and
are given as:

pij;w � C01
�

k
unun dij

��
ÿ 3

2
unui dnj ÿ 3

2
unuj dni

�
� C02 pnn;2 dij

�
ÿ 3

2
pni;2 dnj ÿ 3

2
pnj;2 dni

��
� f ; �28�

pi/;w � C0/1

�

k
uk/ nkni

h i
� f ; �29�

where fC01;C02;C0/1g � f0:50; 0:30; 0:25g. These models were
developed on the basis of the observed e�ect of solid bound-
aries on turbulence in simple shear ¯ows and, as such, are
empirical-based models. The function f is de®ned as
f � �l=xn�, where l is the local length scale of the turbulence
de®ned by l � jk3=2=�Cl, and xn is the normal distance to the
sharp interface. The additional coe�cients are given as
fCl; jg � f0:09; 0:41g. Using these models, turbulence is most
strongly attenuated when the local length scale is greater than
the distance to the interface, but the models do attenuate
turbulence at all distances.

3. Discretization of mean transport equations

The discretization of the governing ®eld equations and the
present numerical method are now outlined for the one±di-

mensional domain shown in Fig. 1. Since the non-active layer
has essentially no in¯uence on the entrainment through the
interface, it is not necessary to solve for the ¯ow in this region.
As such, the computational domain is arranged to cover only
the active layer and the interfacial region, with the upper, je
control-volume situated partly above the interface in the non-
active layer. As the computations proceed in time, the move-
ment of the interface is predicted, and the grid adapts to this
movement such that the initial arrangement of control-volumes
is maintained for the entire simulation. Using this arrange-
ment, the je node is essentially pinned to the interface, and this
position serves as the reference for xn in the wall-re¯ection
models.

The transport equations are discretized using the ®nite-
volume formulation of Patankar (1980). Also, the method
outlined by, for example, Raithby et al. (1995) was used in the
discretization to make the equations applicable on an adaptive
grid. Implementation of the adaptive method is described
brie¯y in what follows. We start by integrating the conserva-
tion of mass equation,

oq
ot
� �q Ui�;i � 0 �30�

over a time, Dt and an arbitrary control-volume, V:Z
V

Zt�Dt

t

oq
ot

dt dV�
Z
V

Zt�Dt

t

oq Ui

oxi
dt dV � 0: �31�

In Eq. (31), Ui � U i ÿ Ug where U i is the ¯uid velocity (which
is zero in the present computations) and Ug is the grid velocity.
The transport term is then transformed using Gauss divergence
theorem resulting in:Z
V

Zt�Dt

t

oq
ot

dt dV�
Z
S

Zt�Dt

t

qUi � ni dt dS � 0; �32�

where S is a surface and ni is the unit normal to the surface.
Carrying out the integrations and subsequent rearrangement
leads to the discrete form of the conservation of mass equa-
tion, valid for a moving grid

MP ÿMo
P

Dt
� _mn ÿ _ms � 0 �33�

Next, to obtain the discrete ®eld equations, each of the
modelled transport equations must be integrated and rear-
ranged appropriately. As an example, Eq. (1) is ®rst integrated
over a time Dt and an arbitrary control±volume V. From this,
Eq. (33) multiplied by UP is subtracted and the result is:

Fig. 1. Computational domain, notation and coordinate system for

stably strati®ed mixing problem.
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Mo
P UP ÿMo

P U
o

P

Dt
� �1ÿ an�

2
UN

ÿ ÿ UP

�
_mn

ÿ �1� as�
2

US

ÿ ÿ UP

�
_ms � Dn UN

ÿ ÿ UP

�
ÿ Ds UP

ÿ ÿ US

�ÿMP
du2/
ox2

; �34�

where _mn and _ms are the mass ¯uxes, and Dn and Ds the dif-
fusion coe�cients through the north and south faces of the
control-volume. The di�usion coe�cients are given as, for
example, Dn � �CUAn�=�x2;N ÿ x2;P �. The advection terms, on
the left-hand side of Eq. (34), were obtained using a simple
upwind scheme whereby a (the weighting factor) has a value of
either 1 or ÿ1, depending on the direction of _m. This weighting
for a was deemed valid on the basis that the mass ¯ux through
the control-volume faces is due only to the grid movement (for
the present zero-¯ow case).

Special consideration was required in the discretization of
many of the source terms in the discrete transport equations.
Foremost was the requirement of a special technique to
maintain the coupling between the U and u2/ equations. The
technique that was adopted was a fourth-order smoothing
similar to that described by Rhie and Chow (1983) for the
pressure±velocity coupling. Additionally, consideration was
given to the source terms in the u1u1; u2u2;// and � equations
to ensure that positive de®nition was maintained throughout
the iterative solution procedure.

3.1. Prediction of interfacial movement

The implicit prediction of the movement of the interface
was based on a special solution of the discrete mean scalar
equation (Eq. (34)) for the upper-most (je) control-volume. As
was discussed in Section 1, experimental observations indicate
that the interface acts as a barrier between the active and non-
active layers, and that the turbulence in the active layer is
sharply attenuated at the interface. Thus, for the upper-most
control-volume, we assume that Uje � U1, and that no tur-
bulence exists at its north face. With these assumptions, the
advection and di�usion of U through the north face of the je
control-volume are exactly zero. Furthermore, the time de-
pendent term disappears because the non-active layer is as-
sumed to be temporally constant. The equation for U in the je
control-volume is then simpli®ed to:

ÿ Ujeÿ1

ÿ ÿ Uje

�
_ms � ÿDs Uje

ÿ ÿ Ujeÿ1

�ÿMje
du2/
dx2

����
je

; �35�

where as has been assigned a value of 1 so that the advection
through the south face is maintained in the balance which
predicts the interfacial movement.

Next, the mass ¯ux, _ms in Eq. (35), is recast as

_ms � ÿ qAs

Dt
Dh; �36�

where Dh is the movement of the interface over the time-step
Dt. Substitution of Eq. (36) and Uje � U1 into Eq. (35), and
subsequent rearrangement gives:

Ujeÿ1

ÿ� ÿ U1
� qAs

Dt

�
Dh � DsUjeÿ1 ÿ DsU1 ÿMje

du2/
dx2

����
je

: �37�

In this equation, the movement of the grid, Dh, appears
implicitly and is solved in the solution matrix in place of Uje,
which is known a priori to be U1. The movement of the in-

terface over time-step Dt is therefore predicted as a compen-
sation for the net transport of U (i.e. entrainment) through the
south face of je, to maintain the level Uje � U1 within the
control±volume.

Between each iteration of the nonlinear loop, the movement
Dh is applied to the je node, and also distributed monotoni-
cally through the one-dimensional domain below the jeÿ 1
control-volume to maintain a relatively uniform grid spacing
as the depth of the active layer grows (or shrinks). In this
manner, each time-step yields a converged value for the in-
terfacial movement, and thus entrainment, in addition to the
six other dependent variables fU; u2/;//; u1u1; u2u2; �g.

4. Predictions in oscillating-grid turbulence

To demonstrate the viability of the present method, com-
putations have been carried out for several cases of one-di-
mensional mixing across a sharp, shear-free interface. In all
cases, the ¯uid system was modelled as water and the sharp,
stable interface was modelled using a steep temperature vari-
ation. The domain shown in Fig. 1 is representative of the
domain used for all of the present computations. The ¯uid
domain was initialized as being uniform at some reference
temperature. The steep temperature variation was imposed by
assigning the level of U at the je node to a constant value that
was somewhat higher than the initial, constant temperature of
the underlying domain.

Boundary conditions were imposed on the upper and lower
boundaries. On the upper boundary, the temperature was as-
signed the same value as Uje and the remaining quantities
fu2/;//; u1u1; u2u2; �g were all set to zero. This condition is
based on the observed e�ect of the interface on the turbulence.
The lower boundary of the domain was assumed to be just
above the oscillating-grid in the fully turbulent region. In this
region, the ¯uid is well mixed and thus, zero gradients were
imposed for U, u2/ and //. The conditions for the mechanical
turbulence ®eld were obtained from Hop®nger and Toly (1976)
and are given in Table 1. These values were chosen so that the
numerically imposed values would be representative of what
could be expected in a laboratory experiment. Table 1 also
gives values of the Reynolds numbers based on the integral
length scale, l, and the Taylor microscale, k, to indicate that
the high Ret assumption is justi®ed. Recall that for oscillating-
grid turbulence, the Reynolds number is approximately con-
stant for a signi®cant distance from the grid (see Hop®nger
and Toly, 1976; Straatman et al., 1998). The values of � in
Table 1 were calculated from:

� �A�

u3
1o

lo

; �38�

where A� � 0:61 and the integral length scale is given by
lo � 0:25x2. The two di�erent sets of conditions that are given
in Table 1 represent a low and a high intensity turbulence
source, and were both utilized in the present computations.

A grid and time-step independence study was carried out to
ensure that the reported results were independent of the grid
density and the time-step size. The results of this study are
included in Appendix A.

Table 1

Conditions for mechanical turbulence ®eld on lower boundary

Condition u1u1 [m2/s2] u2u2 [m2/s2] � [m2/s3] Rel Rek

HT-1 0.00168 0.00242 0.00210 � 800 � 138

HT-2 0.00436 0.00627 0.00901 � 850 � 143
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4.1. Presentation of results

The quantity of greatest interest in the present study is the
rate of entrainment across the sharp interface. To be consistent
with previous literature, and to facilitate direct comparisons
with experimental data, the entrainment is presented here as a
function of the local Richardson number, which is a measure
of the local stability. For oscillating-grid turbulence, entrain-
ment laws take the form:

ue=u1o / Riÿn; �39�
where ue is the entrainment velocity obtained from Dh=Dt, u1o

the horizontal RMS ¯uctuating velocity, Ri the local Rich-
ardson number, and n an exponent which has been reported in
the range 1:06 n6 1:50. The local Richardson number is de-
®ned as:

Ri � g
Dq
q
� lo

u2
1o

; �40�
where Dq is the di�erence between the average densities of the
active and non-active layers, q the density of the non-active
layer, and lo the horizontal integral length scale. The turbu-
lence parameters, u1o and lo, are taken at the position of the
interface, but are representative of what would exist at that
position if no interface were present. Thus, u1o and lo are
evaluated from their respective decay and growth laws which
are devised from steady grid-generated turbulence in a ho-
mogeneous ¯uid. These laws take the form (see, for example
Hop®nger and Toly, 1976):

u1o � B1xÿ1
2 ;

lo � B2x2;
�41�

where B1 depends on the intensity of the turbulence source and
B2 � 0:25 (Hop®nger and Toly, 1976).

Finally, since the Boussinesq assumption was implicitly
adopted in the modelled ®eld equations, the same assumption
is applied to Ri. For relatively small temperature di�erences,
the local Richardson number is modi®ed, using the Boussinesq
assumption, to:

Ri � gb�U1 ÿ U� lo

u2
1o

: �42�

4.2. Predictions of entrainment

The entrainment across the sharp interface dictates the
growth of the active layer and thus, the spread or dispersion of
stable mixing layers. Computational predictions of entrain-
ment were made for several di�erent cases of one-dimensional
mixing across a sharp stable interface due to grid-generated
turbulence. The parameters which were altered between cases
were the intensity of the turbulence source (as given in Ta-
ble 1), the initial temperature di�erence, DUo, and the initial
depth of the active layer, Da. Table 2 gives a summary of all of
the cases that were computed, and their associated parameters.

Fig. 2 shows the results of Cases 1±7 on logarithmic plots of
E versus Ri. Included in Fig. 2 is an envelope which represents
the range of some experimentally proposed entrainment laws.
The envelope is derived from entrainment laws proposed by
McDougall (1979), E and Hop®nger (1986) and Nokes (1988).
The results in Fig. 2 indicate that changing the various pa-
rameters has a strong in¯uence on the relative start position of
the entrainment curves, but relatively less of an e�ect on the
slope and the E�Ri� dependence. Varying the initial depth of
the active layer has virtually no e�ect on the E�Ri� dependence.
Varying the source intensity and the sharpness of the interface

Table 2

Summary of computed cases for mixing across a sharp interface due to

oscillating-grid turbulence

Name Source DUo [°C] Da [m] No. of control-

volumes

Case 1 HT-1 10 0.10 160

Case 2 HT-1 15 0.10 160

Case 3 HT-1 20 0.10 160

Case 4 HT-1 10 0.15 160

Case 5 HT-1 10 0.20 160

Case 6 HT-2 10 0.15 160

Case 7 HT-2 20 0.15 160

Case 8 HT-1 10 0.10 320

Case 9 HT-2 10 0.15 320

Fig. 2. Entrainment rate E across the interface plotted logarithmically as a function of the local Richardson number Ri.
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does have an e�ect, however, the predicted entrainment curves
all have essentially the same slope, n � 1:34, and the computed
results are all within the experimental range. It is not clear
from experiments whether all the data should collapse to a
single entrainment curve independent of the source intensity or
the sharpness of the interface. Among the experiments, there is
variability between the di�erent parameters and this may
partially explain the di�erences between the proposed en-
trainment laws. The results that are important to note from the
present computations are that all of the predicted entrainment
curves follow the same slope, and more importantly, that the
curves all lie well within the envelope of experimental mea-
surements.

Fig. 3 shows the results of Cases 8 and 9 along with the
detailed experimental data from E and Hop®nger (1986). Both
the computational and experimental data span nearly two
decades of Ri. The computational predictions represent nearly
4 h of simulated time over which the active layer grows nearly
0.5 m. This is the reason why Cases 8 and 9 utilized 320 con-
trol-volumes instead of 160. The computed results lie slightly
below a centerline passing through the experimental data, but
overall, the predicted results are in excellent agreement with
experiments.

To summarize, all of the computational results for en-
trainment are in excellent agreement with the experimental
data of stable mixing due to oscillating-grid turbulence. Since
the entrainment predictions are directly linked to the method
devised for predicting the position of the interface, the com-
putational method has also been initially validated. Further-
more, the assumptions made in the development of the
method are con®rmed. The most pervasive assumptions were
that the interface acted as a barrier between the active and
non-active layers, and that the entrainment process was driven
by the turbulence in the active layer. These assumptions led to

the discretization of the active layer only, the development of
the method for predicting the interfacial movement, and the
imposition of zero turbulence conditions on the upper boun-
dary.

4.3. Predictions of turbulence structure

While the predictions of entrainment are most important
for determining the dispersion of the active layer, it is the
underlying turbulence that drives the entrainment process, and
thus the structure of the turbulence is also of interest. The
turbulence ®eld evolves rapidly at the beginning of each sim-
ulation, followed by a very slow continuous evolution as ¯uid
is entrained and the sharp interface creeps farther away from
the turbulence source. Fig. 4 shows the results for the nor-
malized horizontal and vertical RMS velocities from Case 1.
The coordinate n on the abscissa represents the distance from
the interface and is normalized by the value of lo at the posi-
tion of the interface. The velocities used to normalize the RMS
horizontal and vertical ¯uctuating velocities are those given in
Eq. (41). By normalizing the RMS velocities in this manner,
Fig. 4 shows only the changes that the turbulence undergoes
when the layer is sharply strati®ed. Included in Fig. 4 are ex-
perimental data from Hannoun et al. (1988). It is evident from
Fig. 4 that the predicted turbulence ®elds are only in qualita-
tive agreement with the experimental data. The computed re-
sults indicate an attenuation of the normal ¯uctuating velocity
u2, and a transfer of energy from u2 to u1 in the vicinity near
the interface, in accordance with the experimental data.
However, the computed turbulence ®elds are lower than their
homogeneous-¯uid values in the entire domain, a trend not
observed from the experiments.

The transport of all quantities in the active layer is essen-
tially driven by the vertical ¯uctuating velocity. According to

Fig. 3. Entrainment rate E across the interface plotted logarithmically as a function of the local Richardson number Ri.

A.G. Straatman / Int. J. Heat and Fluid Flow 20 (1999) 385±394 391



Fig. 4, the predicted vertical ¯uctuating velocity approaches its
measured value near the interface, but the approach is made
smoothly over the entire layer. The measured results indicate
that changes to the ¯uctuating velocity ®elds only occur in the
region within one length scale of the interface. Note that the
attenuation of the turbulence is partly due to the wall-e�ect of
the interface, and partly due to the strati®cation in the active
layer. In the real case, the wall-e�ect essentially ceases beyond
one integral length scale of the interface because beyond this
point the local length scales of the turbulence are less than the
distance to the interface. However, the e�ect of strati®cation is
not restricted by local length scales and can have an in¯uence
beyond one integral length scale, depending on the local gra-
dient of U. In terms of the predicted turbulence ®elds, it ap-
pears that the attenuation due to strati®cation may be too
strong. However, given the limited experimental results for u1o

and u2o, it is di�cult to assess the predicted values further. The
present results of the turbulence structure could potentially be
improved by incorporating an alternate formulation to the
standard wall-re¯ection models.

4.4. Predictions of the scalar ®elds

The scalar-related ®elds, U, u2/ and //, are presented here
to complete the physical description of the active layer. Fig. 5
shows the temperature ®eld from Case 8 for three states which
correspond to Ri � 10, 20 and 30, respectively. In Fig. 5, the
vertical coordinate, x2, has been normalized with the total
depth of the layer, Dt, so that x2=Dt � 0 represents the lower
boundary and x2=Dt � 1:0 represents the top of the layer.
Changes in the temperature ®eld have been normalized with
respect to the initial temperature di�erence, DUo. The tem-
perature ®eld at each state is relatively uniform throughout
much of the active layer because of the turbulent mixing. As
the interface is approached, the temperature ®eld changes
sharply towards the level of the non-active layer. Fig. 5 also
indicates that as ¯uid is entrained into the active layer and the
local Richardson number increases, the lower portion of the
layer becomes more uniform.

The scalar-¯ux, u2/, and scalar intensity, //, ®elds for
Case 8 are given in Figs. 6 and 7, respectively, again for three

Fig. 5. Variations of normalized temperature ®eld in active layer.

Fig. 4. Variation of non-dimensional normal and planar RMS ¯uctuating velocities with the non-dimensional distance from the interface, n=lo.
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states corresponding to Ri � 10, 20 and 30. The u2/ ®eld is
negative indicating that energy is transported away from the
interface into and throughout the active layer, as expected.
Near the interface where the temperature gradient is sharp, the
magnitude of u2/ increases from zero to a terminal value
which is essentially maintained throughout the lower portion
of the layer. As the Richardson number increases, the the
scalar-¯ux drops signi®cantly because of the reduced entrain-
ment through the interface. However, the shape of the pro®le
is unchanged.

The scalar intensity ®eld reaches a maximum near the in-
terface where the temperature gradient is sharp and then di-
minishes to nearly zero far away from the interface. As with
the scalar-¯ux, the scalar intensity drops signi®cantly as the
Richardson number increases, owing to the decrease in en-
trainment and thus, transport in the active layer.

5. Conclusions

A computational method for predicting mixing across one-
dimensional sharp interfaces has been presented. The method
utilizes an adaptive, moving-grid discretization of the gov-
erning equations, and solves for the movement of the interface
implicitly with the solution of the transport equations. The
main advantage of the present method over other numerical
methods is that it is only necessary to resolve the active layer to
obtain predictions of entrainment at the interface. The pre-
dictions of entrainment are in excellent agreement with ex-
perimental data. However, predictions of the mechanical
turbulence ®elds are somewhat lower than those measured in
experiments. The second-moment turbulence closure per-
formed well in the present computations. With the exception of
the di�usion model in the Reynolds-stress equation, standard

Fig. 7. Variations of scalar intensity, //, in active layer.

Fig. 6. Variations of scalar-¯ux, u2/, in active layer.
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relations were used to model the second-moment transport
equations. Thus, a near-standard model formulation produced
the desired physical e�ects in a sharply strati®ed ¯ow.

Finally, the fact that entrainment, and consequently dis-
persion, can be predicted using this method has important
implications in terms of the types of problems one can expect
to handle computationally. Focussing computational re-
sources on the active layer alone can result in enormous time
savings when solving complex two- and three-dimensional
¯ows. Obviously, much more development is required before
such ¯ows can be predicted using this method, but the present
predictions provide the ®rst essential benchmark for subse-
quent development.

The present results e�ectively demonstrate the viability of
the computational method, and the validity of the second±
moment turbulence closure in sharply strati®ed ¯ows.
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Appendix A. Grid and time-step independence

Both the spatial and time discretization were tested to en-
sure that the computed results were independent of the grid
density and the time-step size. The grid independence study
was straightforward, even though the domain, and thus the
grid spacing, increased as the computations progressed. Con-
cerning the temporal discretization, it was found that running
an entire simulation at the largest possible initial time-step was
impractical. Since the solution ®elds for turbulence were ini-
tialized to zero, very small time-steps were required to advance
the solution through the initial rapid transients. After a short
time (about 10±20 s of simulated time), the rapid transients
diminished and the time-steps could be increased signi®cantly
for the remainder of the computational run. Time-step
schemes were set up whereby a small time-step would be used
for a short initial period, and then a larger time-step would be
used for the remainder. In carrying out the time-step inde-
pendence study, all of the time-steps in a particular scheme
were divided in half.

The case devised for the grid and time-step independence
study was to predict the total interfacial movement over 600 s
of an initially 0.1 m deep layer with a sharp 10°C change in
temperature. The boundary conditions for the turbulence ®eld
were taken as HT-1 (see Table 1). Computations were
performed using 20, 40, 80, and 160 control-volumes and
time-step schemes of 0.05±1.0 s and 0.1±2.0 s (for the
160 control-volume case). The resulting total interfacial
movements are given in Table 3.

Table 3 indicates that predictions within 4% can be
achieved on very coarse grids, but to obtain predictions that
are grid-converged to within 2.5% requires 160 control vol-
umes. The two time-step schemes used give essentially the same
predictions, thus the larger time-step scheme was utilized in the
remainder of the computations.
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